Definition 1.
A move x = (x 1 , . . . , x k ) in a game G is invariant, if it can be played from every position p = (p 1 , . . . , p k ) for which x ≺ p. If x can be played from some position p with x ≺ p but there exists a position p 1 with x ≺ p 1 from which it is not playable, the move is variant.
Definition 2. [4]
A game G is invariant if all its moves are invariant. It is variant if it has some variant move. Remark 1. A game can be described by a digraph G = (V, E), where V is the set of game positions, and E its set of moves. The P -positions constitute the unique kernel K of G: It is an independent set (no edge between any pair of its vertices), and absorbing (every vertex ∈ K has an edge leading into K). It follows that the only variant moves x are those for which there exist vertices p, q ∈ K such that x connects p and q. We denote the set of all P -positions of a game by P, the set of all its N -positions by N . * fraenkel@wisdom.weizmann.ac.il http://www.wisdom.weizmann.ac.il/~fraenkel
It follows that a move is invariant if and only if it does not connect any P -position; in "electrical" language; if and only if it doesn't "short-circuit" any P -positions.
A general pair of complementary Beatty sequences has the form (A n , B n ) = ( nα , nβ ) n≥1 , where α, β are positive irrationals satisfying α −1 + β −1 = 1. Without loss of generality we may assume α < β. Then actually 1 < α < 2 < β.
Let ζ > 0 be irrational, m > n > 0 integers. Then
Duchêne and Rigo [4] asked the following question, motivated by [3] : given any sequence S :
, is there an invariant game having S as its set of P -positions? They answered this in the negative: consider any sequence S = (A n , B n ) n≥0 beginning with (0, 0), (1, 2) , (3, 5) , (4, 6) , such that {A n : n ≥ 1} and {B n : n ≥ 1} split Z ≥1 . Then from the N -position (1, 1) one must move to (0, 0). Hence (1, 1) is a move. But playing from (4, 6) to (3, 5) is not permitted, since the P -positions constitute an independent set. They put forward the following intriguing
Conjecture 1. Given any pair of complementary Beatty sequences
S = (A n , B n ) n≥1 , there
exists an invariant game having S ∪ {(0, 0)} as its set of P -positions.
The bulk of their paper consists of the definition and analysis of a game whose P -positions are complementary Beatty sequences, which they invented to support their conjecture, but the game is of independent interest. It is our purpose to prove the conjecture. We state this formally: Proof. Suppose that the assertion is false. By Remark 1, there exists a position (a, b) ∈ N such that for every move x from (a, b) into P, x also connects two Ppositions. Since 1 < α < 2 < β, the sequences A n , B n are increasing. Therefore any move from a single pile is invariant. Thus a > 0, b > 0, and every variant move must decrease both piles. Hence for all ( 
since 
